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1 Finite Abelian Groups

In the theory that follows, we will be concerned with homomorphisms mapping a finite
abelian group G to the group C× = C \ {0}, with multiplication as the operation. The
following lemma shows that we can restrict our attention further.

Lemma 1.1. Let G be a finite abelian group, and let ϕ : G→ C× be a homomorphism: that
is, ϕ(x · y) = ϕ(x) · ϕ(y) for any x, y ∈ G. Then |ϕ(x)| = 1 for every x ∈ G, so ϕ in fact
maps G into the circle S1.

Proof. Let x ∈ G, and let n be its order, the least integer such that xn = 1. Then since ϕ
fixes 1, we have 1 = |ϕ(1)| = |ϕ(xn)| = |ϕ(x)|n, so that |ϕ(x)| = 1.

Motivated by the above lemma, we define a character on a finite abelian group G as a
homomorphism ϕ : G→ S1 (note that S1 is a group under multiplication, since each element
takes the form eiθ for θ ∈ R). For instance, on every group we have the trivial character,
defined as ϕ(x) = 1 for all x ∈ G.

Lemma 1.2. Let G be a finite abelian group. The set Ĝ of characters on G is an abelian
group, with the operation defined as (ϕ1 · ϕ2)(x) = ϕ1(x) · ϕ2(x).

Proof. This proof consists of simply verifying the group axioms (closure under products,
associativity of products, existence of an identity, and existence of unique inverses), so we
omit it.

Now we consider the vector space V of complex-valued functions on a finite abelian group
G, which clearly has dimension |G|, since we can write each function as a linear combination

f(x) =
∑|G|

k=1 akχk(x), where χk(x) is the characteristic function of xk ∈ G, ak ∈ C. We
define an inner product on V as follows:

(f, g) =
∑
x∈G

f(x)g(x). (1)

The following two theorems, from which all nice Fourier facts will follow, claim that Ĝ is an
orthogonal basis for V under this inner product.

1



Remark. We note here that the inner product on V can be taken as in (1) above, or mul-
tiplied by a factor of |G|−1. In the latter case Ĝ would be an orthonormal basis for V (by
Theorem 1.3 below), in analogy with Fourier analysis on the real line. The reason for leaving
this factor out will become apparent in Section 2 (particularly, Lemma 2.3).

Theorem 1.3. Let G be a finite abelian group. If ϕ, ψ ∈ Ĝ are characters of G, then

(ϕ, ψ) =

{
|G| ϕ = ψ

0 ϕ 6= ψ.

Proof. First we easily obtain that if ϕ ∈ Ĝ,

(ϕ, ϕ) =
∑
x∈G

ϕ(x)ϕ(x) =
∑
x∈G

|ϕ(x)|2 = |G|.

Now we wish to show that if ϕ, ψ ∈ Ĝ are distinct, then (ϕ, ψ) = 0. First we note that
for any non-trivial character ϕ,

∑
x∈G ϕ(x) = 0. This follows because given y ∈ G such that

ϕ(y) 6= 1 we see that

ϕ(y)
∑
x∈G

ϕ(x) =
∑
x∈G

ϕ(y)ϕ(x) =
∑
x∈G

ϕ(xy) =
∑
x∈G

ϕ(x),

where we can shuffle around the group elements in the sum since there are finitely many.
Now if ϕ, ψ ∈ Ĝ are distinct, then ϕ · ψ−1 is not the trivial character (since inverses are
unique). So by the above we get that

(ϕ, ψ) =
∑
x∈G

ϕ(x)ψ(x) =
∑
x∈G

ϕ(x)ψ−1(x) = 0.

Theorem 1.4. |Ĝ| = |G|, and therefore Ĝ is an orthonormal basis for V , the vector space
of complex-valued functions on G. Furthermore, Ĝ ' G.

Proof. It is clear that |Ĝ| ≤ |G|, since |G| is the dimension of V as a complex vector space,
and Ĝ is an orthogonal and thus linearly independent set of elements of V .

For the opposite inequality, we first consider the case G = Z/nZ. Here, we have precisely
|G| characters of the form ϕx(ξ) = e2πixξ/n for x = 0, 1, . . . , n− 1. It is clear that these map
G → S1, and that these form a group, since ϕxϕy = e2πi(x+y)ξ/n = ϕx+y, and that they are
homomorphisms.

To generalize to all finite groups, we recall the Structure Theorem for Finite Abelian
Groups, which states that if G is a finite abelian group, then it is a direct product of cyclic
groups:

G ' Z/n1Z× · · · × Z/nmZ

for some integers n1, . . . , nm. Accordingly we can define |G| =
∏m

k=1 nk distinct characters on
G by taking the products of the characters on Z/nkZ, for all k = 1, . . . ,m. That is, if ξ ∈ G
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is ξ = (ξ1, . . . , ξm) and x = (x1, . . . , xm), then ϕx(ξ) =
∏m

k=1 ϕxk(ξk) =
∏m

k=1 e
2πixkξk/nk . The

proof that these are distinct homomorphisms is routine. To see that G ' Ĝ, then, we simply
check that the map h : G→ Ĝ which sends x 7→ ϕx as defined above is an isomorphism (we
omit this).

Now that we have an orthogonal basis for the space V of functions on G, the basic Fourier
theory follows very quickly. Let f ∈ V , and ϕ be a character on G. Then we define the
Fourier transform of f for ϕ as

f̂(ϕ) = (f, ϕ) =
∑
x∈G

f(x)ϕ(x).

Remark. We note here that we can think of the Fourier transform as a function on G, since
G ' Ĝ. Precisely, for x ∈ G we can write f̂(x) = f̂(ϕx), and therefore we can consider its
inner product and thus its norm in V : (f̂ , f̂) = ‖f̂‖2.

Theorem 1.5 (Fourier Inversion and Plancherel Formula). Let G be a finite abelian group,
and V be the vector space of complex-valued functions on G. Then if f ∈ V ,

f =
1

|G|
∑
ϕ∈Ĝ

f̂(ϕ)ϕ,

and the Plancherel formula holds:

‖f‖2 =
1

|G|
‖f̂‖2.

Proof. Since Ĝ is a basis for V , we have a set of complex numbers aϕ such that f =∑
ϕ∈Ĝ aϕϕ. But since the ϕ are orthogonal, we have (f, ϕ) = |G|aϕ, and therefore

f =
∑
ϕ∈Ĝ

aϕϕ =
1

|G|
∑
ϕ∈Ĝ

(f, ϕ)ϕ =
1

|G|
∑
ϕ∈Ĝ

f̂(ϕ)ϕ.

The Plancherel formula follows just as quickly:

‖f‖2 = (f, f) =
1

|G|
∑
ϕ∈Ĝ

(f, ϕ)f̂(ϕ) =
1

|G|
∑
ϕ∈Ĝ

f̂(ϕ)f̂(ϕ) =
1

|G|
‖f̂‖2,

where the second equality follows from the Fourier inversion formula.

With these results we can easily obtain a discrete version of the Heisenberg uncertainty
principle.

Theorem 1.6 (Heisenberg Inequality on Finite Abelian Groups). Let G be a finite abelian
group, and let f ∈ V , the space of complex-valued functions on G, be not identically zero.
Then if supp(f) = {x ∈ G : f(x) 6= 0} denotes the support of f , we have

supp(f) · supp(f̂) ≥ |G|.
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Proof. Fourier inversion and triangle inequality give us that

|f(x)| ≤ 1

|G|
∑
ϕ∈Ĝ

|f̂(ϕ)| ≤ supp(f̂)

|G|
max
ϕ∈Ĝ
|f̂(ϕ)|.

But similarly we have that for any ϕ ∈ Ĝ,

|f̂(ϕ)| ≤
∑
x∈G

|f(x)| ≤ supp(f) max
x∈G
|f(x)|.

Combining the two gives us that for any x ∈ G,

|f(x)| ≤ supp(f̂)supp(f)

|G|
max
x∈G
|f(x)|.

Taking the maximum from below and multiplying through by |G| gives the result.

2 The General Case

In this section we expand the theory to functions defined on finite non-abelian groups.
This requires some basic familiarity with the theory of finite group representations, and for
brevity’s sake we will omit the proofs of some standard results (for the proofs, as well as some
background, see [1], chapter 10). For those already familiar with the theory, the motivation
here is that the characters of a group G as described in Section 1 are simply one-dimensional
representations of G (whose single entry is its character, in the representation theoretic sense
- hence the use of the name “character” in the previous section). This should be unsurprising,
in light of the fact that every irreducible representation of a finite abelian group G is one-
dimensional, and that there are precisely |G| distinct irreducible representations of G.

Let G be a finite group, and V be a nonzero n-dimensional complex vector space. Then
a representation of G is a homomorphism ρ : G → GL(V ), the group of linear operators
on V (each of which is, for a fixed basis of V , a complex n × n matrix). The character
of a representation ρ is the function χρ : G → C which sends g 7→ Tr(ρ(g)). We say
two representations, ρ, π of G are equivalent if there is a matrix S ∈ GL(V ) such that
Sρ(g)S−1 = π(g) for all g ∈ G. If W is an m-dimensional subspace of V , we say W is
G-invariant if for all g ∈ G and w ∈ W we have that ρ(g)w ∈ W . Then the restriction of
the image of ρ is a sub-representation π of ρ. We say ρ is irreducible if V has no proper
G-invariant subspaces, or equivalently, if ρ has no proper sub-representations (that is, aside
from itself and the zero representation). If V = W1 ⊕W2, where both Wi are G-invariant,
then we obtain corresponding subrepresentations π1, π2 of ρ, and we say that ρ = π1 ⊕ π2.
In this case the matrix of ρ(g) under some basis of V will have the block form

ρ(g) =

[
π1(g) 0

0 π2(g)

]
,

where the blocks are of course determined by the choice of basis. The following theorem
states that every representation takes this form, where the blocks are in fact irreducible.
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Theorem 2.1 (Maschke’s Theorem). Let G be a finite group, and let V be a nonzero finite-
dimensional complex vector space. Every representation ρ : G → GL(V ) is a direct sum of
irreducible sub-representations.

Proof. First, if V is a Hermitian inner product space, we say that a representation ρ : G→
GL(V ) is unitary if for every g ∈ G, the matrix ρ(g) is a unitary matrix, that is with the
given inner product we have that for any v, w ∈ V and any g ∈ G, (gv, gw) = (v, w).

Now, given a representation on a vector space V , we say that a Hermitian form (·, ·)
on V is G-invariant if (gv, gw) = (v, w) for all v, w ∈ V and g ∈ G. As it turns out, for
any n-dimensional vector space V and representation ρ : G → GL(V ), the Hermitian form
(v, w) = 1

|G|
∑

g∈G〈gv, gw〉, where 〈·, ·〉 is the standard n-dimensional Hermitian product

(that is, the complex dot product), is G-invariant. We omit the proof of this fact, which is
simply verifying that the form is Hermitian, positive definite, and G-invariant.

So under this inner product on V , ρ is a unitary representation. It is easy enough to
see that every unitary representation is the direct sum of irreducible representations, from
which the theorem immediately follows. To see this we note that if W is a G-invariant
subspace of V (which exists with our inner product), then V = W ⊕W⊥, the orthogonal
complement. It is clear that W⊥ is also G-invariant, since if for any w ∈ W we have u ⊥ w,
then gu ⊥ gw ∈ W . So for every u ∈ W⊥, gu ∈ W⊥. We proceed by induction on the G-
invariant subspaces of W and W⊥ (this is finitely many steps because V is finite-dimensional
and W , W⊥ are proper subspaces), decomposing the subspaces until V is decomposed into
G-invariant subspaces whose corresponding representations are irreducible.

Since every representation can be thought of as a unitary representation under some
basis (that is, with the correctly chosen inner product), we can restrict our attention to
unitary representations, and define Ĝ to be the set of non-equivalent, irreducible unitary
representations of G. Also, we denote by L2(G) the complex vector space of functions
f : G→ C, with inner product (f, g) =

∑
x∈G f(x)g(x), and norm ‖f‖2 = (f, f).

We require a few further results in order to define the basics of Fourier theory on finite
groups. For these we define the dimension dρ of a representation ρ : G→ GL(V ) to be the
dimension of V as a complex vector space (equivalently, the size of the matrices of ρ).

Theorem 2.2 (Orthogonality Relations). (a) If π, ρ are two different irreducible unitary
representations of G, then the matrix entries of π and ρ are pairwise orthogonal. That
is, for any i, j, k, l, we have

(πij, ρkl) =
∑
g∈G

πij(g)ρkl = 0.

(b) With π as in part (a), if dπ is the degree of π,

(πij, πkl) =
|G|
dπ
δikδjl,

and thus the matrix entries of π are pairwise orthogonal.
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(c) With π, ρ as in part (a), the characters of π and ρ are orthogonal. Particularly, we
have

(χπ, χρ) =

{
|G| if π and ρ are equivalent

0 if π and ρ are not equivalent.

Theorem 2.2 is somewhat more involved than the rest of the results described here, so
we defer to [3], p. 248-252, for a detailed proof. The next lemma, whose proof we omit
because it requires some beautiful but otherwise irrelevant character theory (see [3] p. 256),
relays the crucial facts about a particularly important representation on finite groups G, the
regular representation.

Lemma 2.3. If G is a finite group, denote by L(g), called the (left) regular representa-
tion of G, the |G|-dimensional representation associated with the operation of G on itself by
left multiplication.

(a) The character of L(g) is χL(g) =

{
|G| g is the identity

0 otherwise.

(b) L(g) contains every irreducible representation π of G as a subrepresentation of multi-
plicity dπ. So if Ĝ = {π1, . . . , πn}, then L ' dπ1π1 ⊕ · · · ⊕ dπnπn.

(c)
∑

π∈Ĝ d
2
π = |G|.

The following result is the analogue of Theorem 1.4 from section one, in which we found
an orthogonal basis of characters.

Theorem 2.4 (Peter-Weyl Theorem). The matrix entries of the representations ρ ∈ Ĝ form
an orthogonal basis of L2(G) = {f : G→ C} over C.

Proof. By the Orthogonality Relations (Theorem 2.2), these entries are all pairwise orthog-
onal. The dimension of L2(G) as a complex vector space is clearly |G|, since we can take
the characteristic functions on the group elements as a basis. By Lemma 2.3(c), the total
number of matrix entries of distinct irreducible unitary representations is |G|, and therefore
the set of matrix entries is a basis for L2(G) (since there is a linearly independent set of size
|G| = dim(L2(G))).

The Peter-Weyl theorem suffices to prove the basic facts about Fourier analysis on fi-
nite groups. If f ∈ L2(G), we define the Fourier transform f̂ of f as f̂(ρ) = (f, ρ) =∑

g∈G f(g)ρ(g). Note that f̂ is defined on Ĝ, and the image of ρ ∈ Ĝ is a dρ × dρ complex
matrix.

Theorem 2.5 (Fourier Inversion and Plancherel Formula). If f ∈ L2(G), then we have the
following Fourier inversion formula:

f(x) =
1

|G|
∑
ρ∈Ĝ

1≤i,j≤dρ

dρf̂(ρij)ρij(x).
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Also, we have the following analogue of the Plancherel formula:

‖f‖2 =
1

|G|
∑
ρ∈Ĝ

1≤i,j≤dρ

dρ|f̂(ρij)|2.

Proof. First for each matrix entry ρij we define ρ′ij = ρij
√
dρ/|G|. Then by the Peter-Weyl

Theorem, the set of all ρ′ij forms an orthogonal basis for L2(G). We see that ‖ρ′ij‖ = 1, since

‖ρ′ij‖2 =
1

|G|
∑
x∈G

dρ|ρij|2 =
dρ
|G|

(ρij, ρij) = 1,

where the last equality follows from Theorem 2.2(b). Then since the set is an orthonormal
basis of a finite-dimensional vector space, we have that if f ∈ L2(G), we can write, as desired,
that

f(x) =
∑
ρ∈Ĝ

1≤i,j≤dρ

(f, ρ′ij)ρ
′
ij(x) =

1

|G|
∑
ρ∈Ĝ

1≤i,j≤dρ

dρ(f, ρij)ρij(x) =
1

|G|
∑
ρ∈Ĝ

1≤i,j≤dρ

dρf̂(ρij)ρij(x).

The Plancherel formula follows immediately from the Fourier inversion formula:

‖f‖2 = (f, f) =
1

|G|
∑
ρ∈Ĝ

1≤i,j≤dρ

dρf̂(ρij)(ρij, f) =
1

|G|
∑
ρ∈Ĝ

1≤i,j≤dρ

dρ|f̂(ρij)|2.

With this theorem we have established the basic Fourier theory on general finite groups.
To conclude, we briefly discuss one further analogue with the abelian (i.e. one-dimensional)
case. Recall that, for a finite abelian group G, we obtained in Theorem 1.4 that |Ĝ| = |G|.
A fundamental result of character theory, involving the orthonormality of characters, implies
that there exist precisely as many non-equivalent irreducible representations of G as there are
conjugacy classes of G (for details see [1], p. 300). That is, |Ĝ| is the number of conjugacy
classes of G.
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